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1 Introduction.
Non-abelian gauge theories are known to be asymptotically free field theories due to the obseravtions made in [1, 2] , that for a certain range of the number of quark flavours, N f , the one loop β-function is negative. The main theory where this fundamental property is relevant is Quantum Chromodynamics (QCD) which is believed to underpin our understanding of nature's strong nuclear force. Certainly at high energy where the quarks and gluons of QCD behave as effectively free fundamental particles, this asymptotic freedom feature has meant that the internal structure of hadrons can be probed experimentally. The range of N f where asymptotic freedom is valid is limited since when N f is sufficiently large the one loop β-function becomes positive and one in effect is in a theory with properties similar to Quantum Electrodynamics (QED). One immediate question which arose in light of the one loop QCD β-function's emergence is whether the only perturbative fixed point of the β-function was the one at the origin. Insight into this problem was given after the computation of the two loop correction to β(a), [3, 4] , where a = g 2 /(16π 2 ) is the perturbative coupling constant expressed in terms of the coupling constant g of the quark and gluon interaction in the QCD Lagrangian. As initially discussed in [3] and further developed in detail in [5] , the β-function can exhibit a non-trivial zero for a range of N f . This occurs when the one loop β-function is negative but the two loop coefficient is positive. Known now as the Banks-Zaks fixed point it has been studied since its discovery due to its potential connection with chiral symmetry breaking, for instance. In more recent years interest in this fixed point has in the main been due to the connection with physics beyond the Standard Model such as technicolor, [6, 7] . More specifically while the early focus was on QCD itself, taking colour groups other than SU (3) with quarks in non-fundamental representations opened up the analysis to model building. This is primarily due to the need to understand where the conformal window is and the true range for which it exists. By conformal window we mean the range of N f for which the non-trivial fixed point exists. The need to find the true range is not a trivial statement. The original observation of [5] used the two loop β-function and this implicitly assumed that the Banks-Zaks fixed point was accessible perturbatively which is not necessarily the case. The problem is that at the lower end of the conformal window, which for QCD is N f = 9, [3] , the location of the fixed point is beyond the range of perturbative reliability. So while there may be a formal non-trivial zero of β(a), there is no rigorous evidence that it truly exists for relatively low values of N f . Only a non-perturbative analysis could resolve this. In this respect there has been intense interest in the lattice community in studying this problem for relatively large values of N f but which are on the limit of perturbative reliability. A non-exhaustive representation of such lattice analyses can be found in [8, 9, 10, 11, 12, 13, 14, 15] , for example. Though studies have also been performed with Schwinger-Dyson methods, [16] . More specifically N f = 12 QCD lattice measurements have been made [9, 14, 15] . Part of the motivation is to understand how to find the non-trivial fixed points non-perturbatively and from that knowledge endeavour to explore the fixed point structure for values of N f ≤ 6, if it exists, in order to tackle the relation to chiral symmetry breaking.
One of the main topics of current analyses is the measurement of critical exponents associated with the phase transition corresponding to the Banks-Zaks fixed point. These can be determined relatively accurately on the lattice. Indeed several recent studies, [9, 14, 15] , show good agreement for the N f = 12 quark mass anomalous dimension exponent. This exponent is of primary interest because of its relation to the definition of a conformal theory. Briefly the full dimension of the quark mass operator must be larger than unity. This places an upper bound of 2 on the contribution of the anomalous dimension to this for the theory to be conformal. (See, for example, the discussion in [17] .) Determining the range of the conformal window for which a theory satisfies this condition is an indication of the whether conformal symmetry is present. However, the determination of critical exponents is not limited to the lattice. They can be computed from knowledge of the renormalization group functions. As in [5] the explicit location of the fixed point can be deduced numerically and then the renormalization group functions are evaluated at that point to give estimates for the exponents. In the intervening years after the two loop work of [3, 4] , the MS QCD β-function has been extended to four loops as has the quark mass anomalous dimension, [18, 19, 20, 21, 22, 23, 24, 25, 26, 27] . With this higher order information the location of the Banks-Zaks fixed point has been refined. See, for example, [28] . At a more technical level the work of [29, 30, 31, 32, 33] formally examines the dependence of the fixed point structure in various schemes and finds conditions on the relations between schemes which ensure credible results. More recently a comprehensive explicit study has been provided in [17] . There a range of colour groups has been examined with quarks in various representations which are relevant to several problems such as those underlying technicolor theories. One general feature of the results of [17] was that the exponent estimates were becoming more reliable when higher order perturbation theory was taken into account. Indeed there was an indication that a selection of estimates were converging. Although whether this was to a value which would be competitive with lattice estimates was not entirely clear for values of N f in the low to mid-range of the conformal window. It would not be surprising if they did not since non-perturbative properties are present within lattice regularized theories. In more detail the perturbative analysis of [17] provided estimates for N f = 12 on the edge of the error ranges given on the lattice, [14, 15] . One important guide to the credibility of exponent estimates using the renormalization group function approach was the analysis in schemes other than MS, [17, 34, 35] . It is a property of the critical point renormalization group equation that critical exponents are renormalization group invariants. Therefore, the value one obtains for an exponent is independent of the renormalization scheme used to perform the computations. Of course, this is in the ideal scenario where one knows the renormalization group functions to all orders in various schemes. This is not the situation in general. So by computing in various schemes for four dimensional theories, as was carried out in [17] , it may be the case that the convergence is faster than compared to another scheme. Although one never knows a priori which if any scheme would have this property. In [17] the schemes which were considered were the MS, modified regularization invariant (RI ′ ), [36, 37] , and minimal momentum subtraction (mMOM) schemes, [38] . The renormalization group functions for the final two schemes are also known at four loops, [36, 37, 38, 39, 40, 41] . However, in some sense the three schemes are similar being defined with respect to Green's functions where there is a nullified external momentum. The mMOM scheme, for example, is based on the property that in the Landau gauge the ghost-gluon vertex is finite, [42] , when one ghost external leg is nullified. This feature allows one to assign a scheme for an arbitrary linear covariant gauge. For a 3-point function this nullified external momentum configuration is termed an exceptional configuration and hence has potential infrared issues. While this ought not to be a problem for high energy analysis one has to be cautious in any low energy studies.
In [43, 44] an alternative set of renormalization schemes was introduced where the 3-point QCD vertices were renormalized at a non-exceptional external momentum configuration known as the symmetric point. Three momentum subtraction schemes (MOM) were defined based on the triple gluon, ghost-gluon and quark-gluon vertices and denoted respectively by MOMggg, MOMh and MOMq, [43, 44] . By their very nature they are physical schemes which are mass dependent. In [44] one hope which was expressed was that perturbative results in the MOM schemes would have a faster convergence than other schemes. What is perhaps more relevant, however, is that there is no doubt about infrared issues due to the non-exceptionality of the subtraction point. In light of this and interest in the Banks-Zaks fixed point the aim of this article is to extend the analysis of [17] to the three MOM schemes of [43, 44] . This is possible partly due to the provision of the three loop MOM β-functions, [45] , for an arbitrary linear covariant gauge. Although our main interest here will be in the Landau gauge. At this loop order the scheme dependence first appears in this latter gauge and so it is apt to study the convergence and scheme dependence of the Banks-Zaks critical exponents in another set of schemes. As will be evident from the explicit structure of the expressions for the renormalization group functions the MOM schemes are in a different class to those used in [17] . So these MOM schemes will offer non-trivial insight into properties of the Banks-Zaks fixed point discussed here. In order to carry out our study the first ingredient is to determine the quark mass anomalous dimension in the MOM schemes at three loops. These were not constructed in [45] and require the renormalization of the quark mass operator inserted in a two loop quark 2-point function where there is a non-zero external momentum flow through the inserted operator.
The article is organized as follows. We derive the three loop quark mass anomalous dimension in the three MOM schemes in section 2 by exploiting properties of the renormalization group equation. Properties of fixed points are reviewed in section 3 such as the renormalization group invariance of critical exponents. In particular we show that the critical exponents derived in the MS and MOM schemes at the Wilson-Fisher fixed point are the same to the various loop orders to which they are known. This clarifies why renormalization group functions, which in different schemes have different analytic structure, do produce renormalization group invariant WilsonFisher fixed point exponents. Our extensive Banks-Zaks analysis is provided in section 4. In the main the results are collected across various tables for ease of viewing. Conclusions are given in section 5.
Mass operator anomalous dimension.
We begin our analysis by determining the quark mass anomalous dimension in the three MOM schemes using the same approach of others in a chiral theory, [25, 46] . Rather than renormalize the mass itself directly its anomalous dimension is deduced from the renormalization of the associated quark mass operator which isψψ. This is renormalized by inserting it into a quark 2-point function and ensuring that that Green's function is rendered finite with respect to the particular renormalization scheme of interest. For instance, in [25] the original three loop MS renormalization constant for the quark mass operator was inserted at zero momentum in this Green's function. This was the appropriate external momentum configuration for this particular scheme since one is only interested in the divergences with respect to the regularizing parameter. Throughout we will use dimensional regularization in d = 4 − 2ǫ dimensions with ǫ being the regularizing parameter. The advantage of this momentum configuration in the derivation of the results of [25, 46] is that the Green's function in effect reduces to the computation of massless 2-point Feynman diagrams which are readily calculable by standard techniques such as the Mincer algorithm, [47] . Although the original three loop results used the R operation and infrared rearrangement of [48, 49] , later three loop computations of quark bilinear operator anomalous dimensions used Mincer, [46] . The subsequent extensions of the three loop result, [26, 27, 50] , have used several different approaches. In [26] an adaptation of Mincer was developed which used a posteriori the four loop massless master 2-point functions of [51] while infrared rearrangement, [48, 49] , together with the evaluation of four loop massive vacuum bubble graphs was used in [27] . While such methods of reducing the renormalization of the quark mass operator to 2-point functions allows access to higher order MS anomalous dimensions the particular external momentum configuration which was used, which is exceptional, cannot be exploited for the set of MOM schemes of [43, 44] . They require a momentum configuration where there is a non-zero momentum flowing through all external legs which means the configuration is non-exceptional. Hence it should suffer none of the infrared problems that could potentially arise in the Mincer approach. Though we need to qualify these remarks briefly. First, the computations of [25, 46] are perfectly infrared safe through the use of infrared rearrangement, [48, 49] . Also the Mincer package has actually been used to study symmetric point vertex functions in [52] . However, this used Mincer to approximate the basic integrals numerically rather than analytically by an expansion method. Nevertheless compared to the exact three loop MOM β-functions which were determined in [45] there was agreement to a few percent. Therefore, to determine the quark mass operator in the MOM schemes of [43, 44] we have to consider the Green's function
and p, q and r are the three external momenta. We will always take p and q as the two independent momenta. The restriction in (2.1) indicates evaluation at the symmetric point which is defined as
Here µ is the mass scale which is introduced to ensure that with dimensional regularization the coupling constant, denoted by g here, is dimensionless in d-dimensions. In keeping with previous work we retain the same conventions here which were used in [45] .
The evaluation of (2.1) requires some care since we will be using the same computational algorithm as [45] to determine the Green's function. First, (2.1) has to be decomposed into its Lorentz scalar components. For the symmetric point there are two possible independent Lorentz tensors in this basis which are
are totally antisymmetric generalized γ-matrices discussed in [53, 54, 55] . The normalization of 1/n! is included in the definition. This specific choice of γ-matrices means that the spinor space into which (2.1) decomposes partitions due to, [53, 54, 55] ,
where the unit matrix is denoted by I µ 1 ...µmν 1 ...νn . We use the convention that when a Lorentz index is contracted with a momentum then the dummy index is replaced by that momentum. Clearly for the momentum configuration which was used to derive the original MS high loop quark mass anomalous dimension one would have only one tensor in its decomposition basis since then p and q would be parallel. Therefore, for the symmetric point evaluation we define the projection by
where Σψ ψ (k) (p, q) are values of the scalar amplitudes at the symmetric point. To determine these explicitly we use the projection method of [45] where formally Applying this projection to each of the Feynman graphs comprising the Green's function produces scalar integrals involving scalar products of the external and internal momenta.
To evaluate these we used the Laporta approach, [56] , where an intense amount of integration by parts produces a small set of basic master integrals. These have been computed explicitly over several years in [57, 58, 59 , 60] but we use the notation of [61] where there is a summary of the master values in powers of ǫ to the order required to determine the finite part. In practical terms we used the version of the Laporta algorithm which was implemented in the Reduze package, [62] . One useful feature of that package is that it creates a large database of relations between the integrals and solves them automatically in terms of the masters. The relations and results necessary for the computation at hand can be readily lifted from the database and converted into Form notation. We use Form and its threaded version Tform, [63, 64] , as the medium to handle the tedious amounts of large algebra which arise in the evaluation of the Green's function. Indeed this was the approach used in similar previous work, [45] . The Feynman diagrams contributing to (2.1) are generated with Qgraf, [65] . At one loop there is only one graph while at two loops there are 13 graphs. Once all the necessary components of this algorithm are assembled the calculation runs automatically. Included in this is the way we undertake the renormalization which follows the method of [20] . The Green's function is determined as a function of the bare coupling constant and gauge parameter but their respective counterterms are introduced by replacing the bare quantities by the renormalized parameters. The renormalization constant associated with each produces the canonical counterterms at each order in perturbation theory. The remaining overall divergences, as well as the appropriate finite part in the MOM case, are finally absorbed into the overall renormalization constant for the Green's function. In this case this will be the quark mass operator renormalization constant.
As part of this renormalization discussion it is worth defining the MOM schemes for the quark mass anomalous dimension, γψ ψ (a, α) where α is the gauge parameter of the canonical linear covariant gauge fixing. First, to carry out an MS determination of γψ ψ (a, α) for the symmetric point momentum configuration only the poles of the Green's function are important. However, the wave function renormalization of the external quark fields has to be included which will be the two loop MS ones of [18, 66] . Following this procedure we have verified that the two loop MS value of γψ ψ (a, α) is obtained. This is a check on our computer algebra set-up as the original two loop computation of [24] , as well as that of [23] , was performed by the direct evaluation of the quark 2-point function in the presence of massive quarks. Having verified this for (2.1) then we can repeat the computation for the various MOM schemes. This is similar in each case but requires not only the quark wave function renormalization constant but also the gauge parameter and coupling constant renormalization constants all in the same MOM scheme. The explicit values in each of the three schemes for these quantities are given in [43, 44, 45] . We note that in [45] the gauge parameter renormalization is performed in a MOM way. In some symmetric point analyses this parameter is renormalized in an MS fashion. However, as we are ultimately only interested in the expressions in the Landau gauge then the differences between the anomalous dimensions in both approaches would only be apparent in the α dependent terms. In other words they would be equivalent in the Landau gauge. Any expression we present here which depends explicitly on α will have used a MOM definition for the renormalization of α. The main reason we retain it within our computations is mainly as an internal check. For example, in the MS scheme the quark mass anomalous dimension is independent of α as the operator is gauge invariant. So we have checked that the two α independent mass operator renormalization constant correctly emerges when we compute in an arbitrary linear covariant gauge. We note that the full analytic expressions for all main results here are provided in an attached electronic data file.
The main reason why we concentrate on the Landau gauge is due to the renormalization group. The gauge parameter of the linear covariant gauge fixing appears in the MS and MOM renormalization group functions and can be regarded as a second coupling constant albeit to a quadratic term in the gauge field. In this set of gauges the gauge parameter anomalous dimension can be thought of as the β-function of α. Thence it has in principle to be included in any fixed point analysis. Clearly from the high order loop anomalous dimension for α in the various schemes the anomalous dimension is proportional at α. So that α = 0 is a fixed point and hence the focus on the Landau gauge. Of course, this is not the only solution since in principle there could be non-trivial Banks-Zaks type fixed points for α itself. We do not consider those here partly because the lattice analyses are in the Landau gauge. Some insight, though, into such additional fixed points has been given in [29, 30, 31, 32, 67] . While what we have described is the procedure to construct the two loop MOM operator renormalization constants, the three loop anomalous dimension in each of the MOM schemes can be determined with this information. This is possible due to a property of the renormalization group equation and knowledge of the three loop MS quark mass anomalous dimension, [25] . The construction requires the operator renormalization conversion function which is defined by
In (2.11) the convention we use is that the function is expressed in terms of MS variables for the coupling constant and gauge parameter. We do not include the MS label on these variables. However, in computing the right hand side of (2.11) each renormalization constant is a function of the parameters defined in those respective schemes. In order to have a finite function in the ǫ → 0 limit the MOM variables have to be mapped to their MS versions before the perturbative expansion of C MOMī ψψ (a, α) is deduced. For each of the MOM schemes we are interested in here these mappings are given in [45] . The full expressions for the quark mass conversion function is given in the associated data file. However, the numerical expression in each MOM scheme for
where in keeping with observations in previous work in the MOM schemes the same conversion function emerges in each scheme. Equipped with each conversion function then the renormalization group relation between the operator anomalous dimensions is given formally by
Here the subscript mapping indicates that after the quantity in square brackets has been determined then that expression which is in MS variables is mapped to MOMi variables consistent with the arguments of the function on the left hand side. In (2.13) the MS quark mass anomalous dimension only depends on the coupling constant since that scheme is a mass independent one and it is known, [68] , that in that case the anomalous dimension does not depend on α.
By contrast, the MOM scheme is a mass dependent scheme and therefore anomalous dimensions of gauge invariant operators will depend on the gauge parameter. We again note that for our purposes that although we include the gauge parameter throughout, our focus in analysing the critical exponents here will be solely on the Landau gauge.
Having described the method we have used to evaluate the quark mass anomalous dimension in each of the three MOM schemes we now record their explicit values for the Landau gauge. We have
for the MOMq scheme and 
To assist the evaluation of the quark mass anomalous dimensions numerically we note
Throughout we use a = g 2 /(16π 2 ) as the coupling constant in keeping with conventions used in previous articles. Equipped with these expressions we are now in a position to analyse their values at the Banks-Zaks fixed point.
Fixed points.
Before carrying out that analysis we concentrate in this section on various aspects of fixed points in the QCD β-function. For the moment we review the situation in the MS scheme partly as this forms the discussion but partly as this was the scheme in which the Banks-Zaks fixed point was explored initially, [3, 5] . Although the four loop MS β-function is available, and will be used later, for the moment the three loop result of [19] is sufficient for the present discussion and is
in four dimensions. The observation of [5] was basically that at two loops for a range of values of N f the β-function has a non-trivial zero which we formally denote by a 2 . This arises when the first term of (3.1) is negative and when the second term is positive. For a sufficiently large number of massless quarks asymptotic freedom is lost and the theory becomes like QED. When a real positive non-trivial solution exists then this is termed the Banks-Zaks fixed point. As it occurs for that part of the β-function which is scheme independent then it should be a universal property of the theory. However, with the inclusion of higher order terms in β(a) not only will the location of the fixed point be refined but its specific value will be scheme dependent. So, for example, denoting the three and four loop Banks-Zaks fixed points by a 3 and a 4 respectively, then these would depend on the renormalization scheme which β(a) was expressed in. In the case of a 4 and higher fixed points there could be more than one non-trivial root of β(a) = 0. The Banks-Zaks one is always regarded as the one closest to the origin. Some remarks are apt on the scheme dependence of the range of N f for which the conformal window exists. From (3.1) the upper limit of the range is determined by the one loop coefficient while the two loop term gives the lower limit. For SU (3) the lower limit is N f = 9. If the Banks-Zaks fixed point is related to the breaking of chiral symmetry then it would appear to be ruled out in this scenario. However, the conformal window discussed so far is deduced from a perturbative analysis and, moreover, the value of the critical coupling for low values of N f in the window are outside the region of perturbative credibility. Indeed it could be the case that when lower values of N f are analysed non-perturbatively then the lower boundary of the window could be reduced. A second aspect of the lower end is that it derives from the two loop coefficient of β(g). In mass independent renormalization schemes where there is a single coupling constant this term is scheme independent, [68] . However, in MOM schemes with a non-zero α this term is both α and scheme dependent. In the Landau gauge the two loop terms of each of the MOM β-functions reduce to the same value as (3.1). This may not be the case in other gauges such as a non-linear gauge. For instance, in [69] the two loop renormalization group functions have been deduced in the corresponding MOM schemes for the maximal abelian gauge, [70, 71, 72] . From those results using the two loop term in the corresponding β-functions the lower bound of the conformal window for two of the schemes drops to N f = 8. Again this is a perturbative observation in a region where the location of the fixed point lies outside the range of validity of perturbation theory. So it does not imply that the lower limit of the conformal window is lower ahead of a full non-perturbative analysis. Though the lattice study of [8] has provided evidence that the low end of the window can accommodate this value. Not only has the location of the fixed point been studied in various schemes in [17, 31, 32] but the values of the quark mass anomalous dimension at the Banks-Zaks fixed point have been estimated in the same schemes. As these critical exponents are renormalization group invariant it should be the case that with sufficiently high accuracy the scheme dependence evident in lower loop estimates should wash out. That has been observed in [17] for certain values of N f in the window where the Banks-Zaks fixed point exists. This is invariably for large values of N f close to the upper boundary. For lower values of N f the value of a n ceases to be small and so estimates of critical exponents would be outside the perturbative region. For N f in the intermediate part of the range it may be the case that the higher order corrections restore a n to perturbative reliability. In addition certain schemes may remain within the perturbative region better than others. This is one question we aim to analyse.
In respect of these points it is worth noting the structure of the MOM scheme β-functions we will use to deduce the quark mass critical exponents at a n . As these expressions have been given elsewhere, [44, 45] , and are equally as cumbersome as (2.16), we record the expression for the MOMh scheme in the Landau gauge as it is the more compact of the three. It is, [44, 45] ,
at three loops. Like (2.16) at three loops the presence of the underlying symmetric point masters are evident. We note that we are effectively quoting the full expression given in [45] but with a modification. In the three loop term of equation (5.28) in [45] an additional numerical object, Σ, was present which was a combination of harmonic polylogarithms. When [45] appeared it was not apparent that this was not an independent quantity and has since been shown to correspond to, [73] ,
in the notation of the previous renormalization group equations. We have substituted (3.3) in the original expression of [45] for consistency here. In comparing (3.1) and (3.2) one can see that there is a structural question to be addressed. If when one computes the critical exponent for, say, the quark mass anomalous dimension in MS and MOMh at the Banks-Zaks fixed point then both expressions ought to be the same. This is because ultimately the critical exponent is a physical quantity and hence a renormalization group invariant. It is independent of the renormalization scheme in which it is determined. However, given the form of both β-functions this cannot be the case. Indeed this is one of the motivations for examining the critical exponents at the Banks-Zaks fixed point in MOM schemes. These are clearly in a different class from the point of view of the numerology when compared with the schemes analysed in [17] which were MS, RI ′ and mMOM. The coefficients appearing in the renormalization group functions of these three schemes are from the set Q, π 2 , ζ(3), ζ(5) (3.4) to four loops. By contrast the basis for the MOM scheme coefficients to three loops is
The aim would be to see if the numerical values for the exponents in various schemes show the consistency which would indicate renormalization group invariance.
This problem can also be illustrated in the context of another fixed point which is present in the QCD β-function but is usually discussed in the context of scalar field theories. It is the Wilson-Fisher fixed point, [74, 75, 76, 77] , which occurs in the d-dimensional β-function. For QCD the latter, which will be denoted by β MS d (a) in MS, is related to (3.1) by
Irrespective of whether there is a Banks-Zaks fixed point or not in QCD, there will be WilsonFisher fixed point in d < 4 dimensions when the one loop term of β(a) is positive. In scalar theories this fixed point has proved useful in obtaining estimates for critical exponents in three dimensions through, for example, resummation techniques. However, such critical exponents are also renormalization group invariant and therefore the explicit expressions should be equivalent. It has been possible to check this for certain scalar theories, [78] . The same analysis can be studied here with (3.2) but the numeric structure of the renormalization group functions would appear to suggest otherwise given the number bases indicated above. This is not the case due to a subtle feature which is absent in (3.2). We have correctly introduced the concept of the Wilson-Fisher fixed point for the MS scheme. For the MOMh scheme the situation is completely parallel except that one cannot merely replace the scheme label in (3.6) by the scheme label for MOMh. This is because the MOM schemes are defined by the inclusion of finite parts in the renormalization constants. In the derivation of (3.2) the final step is to set ǫ = 0 whence (3.2) emerges. However, the d-dimension MOMh β-function has ǫ-dependent coefficients unlike the MS scheme. In the latter scheme there are no finite contributions to the renormalization constants. So to check that the MOMh Wilson-Fisher fixed point actually delivers expressions for critical exponents which are equivalent for different schemes one has to perform the analysis fully in d-dimensions. As the MOM renormalization group functions have not been recorded in d-dimensions for each of the three MOM schemes of Celmaster and Gonsalves we do so here for an interested reader. Though to save space we record the expressions numerically and provide the full analytic d-dimensional expressions in the accompanying data file. In that file the three loop terms in the MOM renormalization group functions are not provided as the ǫ dependent terms at that loop order are derived from the finite parts of the three loop renormalization constants. These are not known at present. We do include the three loop coefficients in the data file for the quark mass operator in the MOM schemes as they appear here for the first time. So, for instance, in the Landau gauge for the colour group SU (3) we have for the other two MOM schemes. Of course this procedure can be reverse engineered if one knew the β-function in one scheme to L loops and to (L − 1) in another scheme. In this instance some information on the latter β-function can be adduced about the L-loop term from the renormalization group invariance of the underlying critical exponent. Though this is essentially reflective of the use of the conversion functions to establish the anomalous dimensions at the next order in a scheme in the context we used earlier. Finally, we note that we have checked that the same critical exponents emerge at the Wilson-Fisher fixed point in the MOM schemes as in MS to O(ǫ 3 ) as expected. The situation for the Banks-Zaks fixed point is not the same primarily because it is a purely four dimensional fixed point. Clearly the MOM critical exponents at the Banks-Zaks fixed point will involve the numbers in the basis (3.5) in contrast to the basis (3.4) for the schemes studied in [17] . However, it is also partly due to the fact that when we compute the estimates of the quark mass critical exponent, for instance, we are endeavouring to use the perturbation theory of QCD which is valid in a region near the origin. Provided one is within the perturbative region of that theory then information about the exponents of the theory underpinning the Banks-Zaks fixed point can be obtained and should be comparable across schemes. However, to truly understand the renormalization group invariance via a scheme analysis of the Banks-Zaks fixed point one would first have to construct the quantum field theory which is in the same universality class and then renormalize it within the various schemes. That theory is not yet available as far as we are aware.
Results.
quark mass anomalous dimension at the Banks-Zaks fixed point. This will be carried out for a variety of colour groups with the quarks in various representations. The usual case where the quarks are in the fundamental representation will form the main part of the analysis. However, for theories beyond the Standard Model, the analysis of [17] also included quarks in the adjoint representation as well as in the two-index symmetric and antisymmetric representations for the RI ′ and minimal MOM schemes. We will therefore provide results for these representations too in order to have as large a picture as possible on where the convergence is best. For the explicit values of the various colour group Casimirs for these representations we refer the reader to Appendix B of [17] . It is worth noting that the window for a Banks-Zaks fixed point depends on the particular representation and for some of these there is a much smaller range of N f values for an infrared fixed point than that for quarks in the fundamental representation. Although the main interest is the quark mass anomalous dimension due to its relation to the conformal window, for a convergence analysis an equally useful critical exponent to analyse is that relating to the critical slope of the β-function which is usually denoted by ω. Its main role is as a measure of corrections to scaling. Therefore, we will be providing evaluations of this exponent for the same quark representations as the quark mass anomalous dimension. In order to present our results we need to introduce our notation.
First, we formally define the Landau gauge β-function in the scheme S by
and the β-function partial sums by
Then for each scheme the Banks-Zaks fixed point a L at the Lth loop order is defined as the first
From this we define the critical exponent ω at the Lth loop as
For the Landau gauge quark mass anomalous dimension γ S ψψ (a, 0) we define the critical exponent by a similar process. We let the perturbative expression be Denoting the quark mass anomalous dimension exponent by ρ then its evaluation at the Lth loop fixed point is ρ L where
for each scheme. The definition of ρ coincides with that of [17] so that there is a direct comparison. However, given that we are defining the β-function consistent with the conventions used in [45] , the values of the location of the fixed points differ by a factor of 4π from those of [17] . Further, in presenting our results we use a similar form of tables but perform the evaluation to six decimal places. This is partly to compare the convergence for certain cases. The format of the results tables parallels [17] in that we present the MS and mMOM results in a combined table since there are results to four loops for these two schemes. Subsequently the results for the same quantity in the three MOM schemes are given. The order within each choice of quark representation is fixed point location, ω and ρ. Though in one instance we include results for the 't Hooft scheme of [79] . Briefly the renormalization group functions of this scheme are defined as that part which is renormalization scheme independent. For the β-function this is the two loop part and for the quark mass anomalous dimension it is the one loop term, [70] . Our final general comment on the tables of results concerns the situation with the mMOM scheme. It transpires that in [41] there was an error in the derivation of the four loop quark mass anomalous dimension. Specifically the four loop term of the MS anomalous dimension was inadvertently subtracted in the corresponding derivation using (2.13). Therefore, the results of [17] have been corrected in an erratum using the erratum for [41] . For completeness we also include the results for the correct version of the mMOM four loop quark mass anomalous dimension to the accuracy we are working to.
We turn now to a discussion of the results in the individual Tables. For the fundamental representation the fixed point locations are given in Tables 1 and 2 and we make no comment on them as comparison between schemes of the location is not fully meaningful. One role they play is to give an indication as to where the fixed point is becoming reasonably stable for certain values of N f . Then one would hope that the corresponding critical exponents could be converging. For instance, from Table 1 it would appear that for N f ≥ 13 the fixed point has reached a plateau for each scheme from the stability at three and four loops. It was noted in [17] that the convergence is best at the upper end of the window for the infrared fixed point. This is because one is still in the region where the coupling constant has a small value. For smaller values of N f the perturbative results do not appear to be reliable. Throughout our analysis we are broadly in agreement with this point of view. As N f = 12 is the value which is of intense interest in the lattice community the perturbative results may not be competitive with that analysis. Given this we are not in a position to indicate whether the same range of N f values for perturbative reliability are valid in the MOM case as we only have three loop results as is evident in Table 2 . In both instances, another way of examining convergence and the relevant N f window is to examine the renormalization group invariant critical exponents. For ω these are given in Tables 3 and 4 for the five schemes we are interested in. In this and further remarks our discussion will always concentrate on the N c = 3 case, unless otherwise indicated, due to the relation to QCD but for N c = 2 and 3 parallel remarks will apply but for different N f values. From Tables 3 and 4 In general there is a parallel picture for the ρ in Tables 5 and 6 . Before concentrating on the five schemes we are interested in, in the former Table we have included an additional column for the 't Hooft scheme. This was not needed for ω since the two loop MS column in Table 3 corresponds to that scheme. However, for the quark mass anomalous dimension case it appears evident that for a large range of N f in the fixed point window the estimates lie well away from those of our five schemes. This is not surprising given the way the series is defined. Focusing now on our five schemes the three loop N f = 16 values are comparable although again the MOMggg value appears to be the outlier here being on the higher side which is also reflected at lower values of N f . At N f = 13 the four loop MS and MOMq values are similar. The mMOM values are higher but appear to be slowly decreasing. We note that with the previous wrong result the mMOM four loop estimates were all higher than the three loop value. This is not the case now and is in fact reversed when the correct four loop expression is used. At N f = 12 the situation is similar to ω. However, in this instance there are various lattice estimates for what we have termed ρ. For instance, one particular analysis gives the value of 0.235(15) from [14] and another more recent study gives 0.235(46) from [15] . In either case these values are lower than any of the three or four loop perturbative estimates and so we reinforce the observation of [17] that non-perturbative properties may be beginning to dominate the window at this point. One interesting feature of this N f value is that if the lattice estimate is roughly correct the four loop MS value of ρ is the closest. However, in terms of convergence the three loop MOMq and MOMh values are smaller than the corresponding three loop MS one. Hence one hope would be that a four loop analysis in these two schemes may produce a better estimate in comparison to [14, 15] than the four loop MS one. In some sense since we are evaluating the quark mass anomalous dimension exponent it might be expected that the MOMq scheme would produce the more reliable value. That the MOMh value is competitive may seem surprising but given the similar structure of the Feynman graphs within the vertex functions defining each of the MOMq and MOMh schemes this would appear to be the main explanation. In each case one renormalizes the same number of graphs in the respective vertex renormalizations, [45] , and the graphs are effectively the same structure topologically when examined in detail.
Our final remark on the estimates of ρ for N f = 12 specifically concerns the use of the five loop quark mass anomalous dimension which was recently determined in [50] in MS but specifically for N c = 3. Although the five loop β-function is not available we have carried out a tentative analysis using the expression given in [50] . The corresponding results are presented in Table 7 where we have used an additional notation, ρ 5l . This indicates the use of the five loop MS quark mass anomalous dimension of [50] but evaluated with the corresponding values of the l-loop fixed points given in the MS columns of Table 1 . The reason for using the three and four loop fixed point values is that if there is perturbative convergence it would be hoped that these would bound the actual five loop value which is as yet unknown. As a 4 > a 3 we have assumed without any justification that there is such an alternating convergence. So if these are the bounding values the same reasoning would be that ρ 53 and ρ 54 would bound the actual five loop value. This would appear to be the case for N f = 16 as well as down to N f = 13 when comparing between schemes. If this reasoning applied to N f = 12 then the value of Table 7 would appear to be significantly different from the lattice estimates. By contrast another way of expressing this is to determine the value of a 5 which would be required to give the central value of [14, 15] of ρ 5 = 0.235. From the five loop expression of [50] we would have to have a 5 = 0.028376 in our conventions which is significantly lower than the three and four loop values we used to obtain the N f = 12 estimates in Table 7 . In other words it is well inside the region where perturbation theory is valid and suggests that non-perturbative properties are the drive behind the two consistent lattice estimates. Such a large drop in the critical coupling value from successive loop orders is not seen in MS for N c = 3 even for smaller values of N f . Finally, for fundamental quarks we note that the SU (2) colour group has been studied on the lattice for values of N f in the range 6 ≤ N f ≤ 10, [10] . All our estimates for ρ are in good agreement with the N f = 10 value of 0.08 given in [10] . This is in keeping with the SU (3) case as this is at the upper end of the conformal window. The lower end of the SU (2) window is a current topic of study which has not reached consensus yet, [12, 13] . For example, in [12] the N f = 6 value of ρ is in the range [0. 26, 0.74] . Of the schemes we have analysed only the three loop MOMq and MOMh estimates lie comfortably within this band. This apparent agreement should be taken with caution due to the limit of perturbative credibility and lack of convergence as well as the effect four loop corrections could have if the situation in MS is a guide.
Although the main interest in the Banks-Zaks fixed point stems from its possible connection with a phase transition associated with chiral symmetry breaking in QCD when the quarks are in the fundamental representation, for the purposes of analysing possible theories beyond the Standard Model like [17] we will consider the quarks in other representations. In this instance we will make brief remarks as there is mostly a parallel situation in these cases. When the quarks are in the adjoint representation the corresponding fixed point locations and critical exponents are provided in Tables 8 to 13 . We stress that this not a supersymmetric version of QCD as there are not equal numbers of Bose and Fermi degrees of freedom. For the three colour values we considered for the fundamental representation there is only one non-trivial infrared fixed point and then it is only present for N f = 2. In the MOM schemes for both ω and ρ the same feature emerges in that the three loop estimates are N c independent for the SU (N c ) colour group. The N c dependence becomes apparent at four loops from Tables 10 and 12 Tables 20 to 25 . While there are more fixed points for N c = 4 we do not present results for N c = 3. This is because in this representation the colour group Casimirs are precisely equal to their corresponding values in the fundamental representation and we have commented on those results already. Though we do note that in the context of model building or considering extensions to current theories quarks could be considered as being in the 2A representation rather than the fundamental one. In terms of the critical exponents for 2A the situation for ρ appears to parallel our discussion for the differing behaviours of N f = 12 and 13. However, here the boundary appears to be at N f = 7 and 8. We would have to exclude the MOMggg results from this analysis as it again seems to be an outlier for ρ. In terms of lattice analysis there has been an investigation for N f = 6, [11] , which is the lower boundary of the conformal window from the perturbative analysis. An estimate for ρ lies in the range [0.3, 0.35] for which only the four loop MS estimate is close to.
We close this section by making some general comments on the analysis and try to give a perspective on the reliability of the perturbative estimates. In focusing the discussion so far on the comparison within a representation it may miss some key features. For instance, for ρ as a general rule it appears that when the value of ρ 2 is in the region of 1 or larger then the higher loop estimates appear to be unreliable. By this we mean that the value appears to be at odds with estimates in other schemes. However, we need to be clear in saying this in that we are not suggesting that for that scheme the exponent does not converge. For values of N f close to the upper boundary of the window in all the schemes the corresponding scheme estimates for ρ clearly are in line with other schemes. What is probably the case is that more terms in the loop expansion for that particular scheme are needed in order to see the convergence. In the main the MOMggg scheme appeared mostly to be in this outlier class. This is not unreasonable due to the nature of the MOMggg scheme. It is based on ensuring that the triple gluon vertex has no O(a) corrections at the completely symmetric point. Therefore, with the associated renormalization group functions their content is necessarily weighted by gluonic rather than quark contributions. For the quark mass anomalous dimension, therefore, the quark content is not dominant.
Discussion.
It is worth making several general comments on our analysis. In [17] the evaluation of the quark mass anomalous dimensions at the Banks-Zaks fixed point was examined in the conformal window for a set of renormalization schemes. We have extended that analysis here to a different set of schemes which are the momentum subtraction schemes of Celmaster and Gonsalves, [43, 44] . This is an important exercise since the analytic structure of the respective set of schemes is different from the point of view of the specific numbers which appear. Ultimately critical exponents which have been determined from the renormalization group functions at criticality are renormalization group invariants and the values have to be independent of the renormalization scheme used to determine the anomalous dimensions. In this respect we have demonstrated this for the MOM QCD renormalization group functions at the Wilson-Fisher fixed point in d = 4 − 2ǫ dimensions. This is not a trivial exercise as the d-dimensional renormalization group functions are required in the MOM case in order to observe the renormalization group invariance in d-dimensions. For the Banks-Zaks fixed point the situation is different with regard to the invariance. Until the quantum field theory which drives the Banks-Zaks fixed point is found then at present a numerical evaluation of the critical exponents order by order in the loop expansion is the only tool available. In other words there will be a theory in the same universality class as QCD at the Banks-Zaks fixed point where direct computation of its anomalous dimensions in various schemes ought to be the way to see the renormalization invariance of the critical exponents. Having said this on the whole, despite the differing numeric natures of the renormalization group functions in MOM schemes versus those of the MS, RI ′ and mMOM schemes analysed in [17] , the scheme dependence appears to disappear for values of N f near the upper end of the conformal window for the various quark representations we have considered. This is where perturbation theory is at its most reliable. One interesting point is when there are N f = 12 fundamental flavours for SU (3). On the whole the quark mass anomalous dimension appears to be converging slowly towards recent values measured on the lattice, [14, 15] . For the MOMq scheme the three loop estimate of ρ is closer than the corresponding MS value. Whether there is faster convergence for this particular scheme remains to be seen in the absence of a full four loop computation. Given the nature of this scheme, which is founded on the quark-gluon vertex, it may be the case that the quark mass anomalous dimension in this scheme does indeed have the best convergence. However, these remarks need to be tempered by the observations in [17] where it was noted that N f = 12 may be the point where non-perturbative features become dominant. A measure of that can be seen in the evaluation of the stability critical exponent ω. In Tables 3 and 4 for N f = 13 the value of ω appears to be consistent across all the schemes considered except for MOMggg. The values for ρ for the same N f accord with this. For N f = 12 the estimates of ω have a broader range across the schemes. Table 1 . Location of Banks-Zaks critical points for MS and mMOM at two, three and four loops. Table 2 . Location of Banks-Zaks critical points for MOMq, MOMggg and MOMh at two and three loops. Table 3 . Critical exponent ω for the Banks-Zaks critical point for MS and mMOM at two, three and four loops. Table 8 . Location of Banks-Zaks critical points for MS and mMOM at two, three and four loops for the quarks in the adjoint representation. Table 9 . Location of Banks-Zaks critical points for MOMq, MOMggg and MOMh at two and three loops for the quarks in the adjoint representation. Table 10 . Critical exponent ω for the Banks-Zaks critical point for MS and mMOM at two, three and four loops for the quarks in the adjoint representation. 
